UBND PHUGNG GIANG VO Pl KHAO SAT MON TOAN

TRUONG THCS GIANG VO Lop 9 (chon hoc sinh gidi - Vong 2)
Niim hoc 2026 - 2027
PE CHINH THU'C Npay khao sat: 25/10/2026

Théi gian lam bai: 150 phut
) (DE thi gobm 01 trang)
Bai L. (6,0 diém)

véi >0,z =1,

namA=[

3 1 z+5) Jz+1
+ "t :
Vo +1 1-Vo 3-1) =
a) Rut gon biéu thire A.
b) Tim t4t ca c4c gi4 trj cia 2 thoamén A < 4.
2) Cho =,9y,2 la chc s6 thuc khéc 0, thoa mén ddng thoi cée diéu kién ' + z* = y* + Ty
y' +y* = 2% +ayz 2° + 2 = 2® + ayz Tim tat ca cdc gi4 tri c6 thé cua bidu thirc:

P=P+%P+%p+q.
Y z T
Bai I1. (4,0 diém)

1) M6t hop c6 chita ba vién bi vang l14n lugt ghi cdc sb 1;2;3 va hai vién bi nau lan luot ghi cac
sb 4;5. Céac vién bi c6 kich thwréc va khéi hwong nhir nhau. Liy ngiu nhién ddng thoi hai vién bi trong
hép. Tinh xéc suét cia bién cb: “Hai vién bi dugc 14y ra khac mau”.

2) Cho ba sb nguyén a,b,c théamén 7a? + 4b? = 9¢?. Chitng minh réng abc chia hét cho 108.
Bai I11. (2,0 diém)

Xét céac sb thuc a,b,¢ théaman 1 < a,b,c <3 vaa+b+c=6. Tim gié tri I6n nhét va gia
trj nhé nhét ciia biéu thire P = a® +b* + ¢ + (a —2)(b —2)(c — 2).

Bai IV. (6,0 diém)

Cho tam gidc ABC déu. Lay diém X dbi ximg v6i diém A qua dudng thing BC. Ké duong
thang qua diém X , dudng thing nay cit céc tia d6i cia tia CA, BA lan luot tai E va I7.

a) Chimg minh XB /# AC va ACBE «» ABFC.

b) Goi giao diém ctia hai doan thing BE va CF tai diém P. Ching minh EI%‘ =120° va
PA= PB+ PC.
_ pA
~ PB-PC’

g 8
¢) Chirng minh rang SAEP

ADO
Bai V. (2,0 diém)
$U+y0+7.y0+20 +7 .

. 1 W
zﬂyd y.lzJ

a

1) Tim c4c sb nguyén dwong ,y,z sao cho céc s6

24z’ +7
2°z?

déu |a céc sb nguyén.
2)
a) Tim s6 nguyén nho nhét n(n > 4) sao cho tir 7 s6 nguyén phan biét bat ky, ta luén chon
dugc 4 sb phan biét a,b,c,d saocho a+b—c—d | 2.
b) Tim sb nguyén dong chén nho nhét n(n > 4) sao cho tir  s6 nguyén phén biét bét ky,
ta luén chon duge 4 s6 phan biét a,b,c,d saocho a +b—c—d | 26.
HET
(Hoc sinh khong duoc sir dung tai ligu khi lam bai,
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UBND PHUONG GIANG VO PE KHAO SAT MON TOAN
TRUONG THCS GIANG VO L6p 9 (chon hoc sinh giéi - Vong 2)

PE CHINH THUC Nim hoc 2026 - 2027

Ngay khao sat: 25/10/2026
Thoi gian lam bai: 150 phuat
(Dé thi gom 01 trang)

Bai 1. (6,0 diém)

3,1 +x+5j.\/;+l
e+l 1-+x  x-1)

a) Rat gon biéu thic 4.

vol x>0,x#1.

1) Cho A:(
X

b) Tim tit ca cac gia tri ciia x théaméin A< 4,

2) Cho x, y,z 1a cac sb thuc khac 0, thoa man dong thoi cac didu kién x° +x* = y* + xyz ;

Y +y =22 +xyz; 22+ 27 =x7 + xyz. Tim tit ca cac gia tri co thé cua biéu thic:
X
p=[1+> | 1+2 ] 1+2].
y z X

1) Mot hop c6 chira ba vién bi vang lan luot ghi cac s6 1;2:3 va hai vién bi nau lan luot ghi cac )

Bai 1. (4,0 diém)

4;5. Cac vién bi c6 kich thuéc va khdi lugng nhu nhau. Lay ngiu nhién dong thoi hai vién bi trong

hop. Tinh x4c sudt cta bién cb: “Hai vién bi duoc ldy ra khac mau”.
2) Cho ba s6 nguyén a,b,c théa man 7a* +4b> =9¢*. Chimg minh rang abc chia hét cho 108.
Bai I1IL. (2,0 diém)

Xét cac sb thue a,b,c théamin 1< a,b,c<3 va a+b+c=6. Tim gia tri 1on nhat va gia tri nho

nhat cta biéu thic P=a’ +b*> +c* +(a-2)(b-2)(c-2).
Bai LV. (6,0 diém)

Cho tam giac ABC déu. Lay diém X dbi ximg voi diém 4 qua dudng thing BC . Ké duong thang
qua diém X , duong thang nay cit cac tia ddi ctia tia CA, BA lan luot tai £ va F .

a) Chung minh XB|| AC va ACBE - ABFC .

b) Goi giao diém ciia hai doan thang BE va CF tai diém P . Chimg minh BPC =120 va
PA=PB+PC.
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2
¢) Chtng minh ring Saer __PA .
S, PB-PC

Bai V. (2,0 diém)

x6+y6+7_ y6+z6+7 2+ 7
x3y3 4 ySZS Z3x3

1) Tim céc s6 nguyén duong x, y,z sao cho cac so déu la

cac sO nguyén.
2)

a) Tim s6 nguyén nhé nhét n (n > 4) sao cho tir 7 s6 nguyén phan biét bat ky, ta luén chon dugc 4

s6 phan biét a,b,c,d saocho a+b—c—d:2.

b) Tim s6 nguyén duong chin nhé nhét 7(n>4) sao cho tir n s6 nguyén phan biét bat ky, ta ludn

chon duoc 4 s6 phan biét a,b,c,d sao cho a+b—c—d:26.

Hoc sinh khong dwoc sw dung tai liéu khi lam bai.

Giam thi khong giai thich gi thém.
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PAP AN VA LOI GIAI THAM KHAO
DPugc tao bang Al - thuvientoanhoc.com

Bai I (6,0 diém).

la) Véi x> 0,x =1 ta co:

3,1 +x+5:3(\/;—1)—(\/;+1)+x+5: x4+l a1y Jxed
1 1-Jx  x-1 x -DEx+1) x-Dx+) (x-DEx+1D) Jx-1

x/;+1_ X X
Jx=1 Jx+1 Jx-1

1b) Néu 0<x <1 thi v/x-1<0, x>0 nén 4<0<4, thoa man.

Do d6 A=

Néu x>1 thi Vx—1>0,khi d6 A<4 < x<4/x -4 (x-2)> <0< x =4 (thoa man).
Vay 0<x <1 hoac x=4.

2) Cong vé theo vé ba ding thirc ta duoe x° +y* +2° =3x)z
<:>(x+y+z)(x2+y2+22—xy—yz—zx):0©(x+y+z)[(x—y)2+(y—z)2+(z—x)2]:0,
Trudng hop 1: x =y =z #0.Khi d6 ba diéu kién déu dung va P=(1+1)(1+1)(1+1)=8.

Truong hop 2: x+y+z=0,suyra x+y=-z, y+z=—x, z+x=—y.Khi do

p_GENEED) (D)
xyz xyz '

Vay Pe{-1;8}.
Bai II (4,0 diém).

1) Goi tén mdi vién bi theo s ghi trén né. Khong gian miu gom céac két qua: {1;2}, {1;3}, {1;4},
(1,5, {2:3}, {2;4}, {2;5}, {3;4}, {3;5}, {4;5}, co 10 két qua dong kha ning.

Hai vién bi khac mau khi 14y dwoc mot bi vang (ghi 1;2;3) va mot bi ndu (ghi 4;5). Cac két qua
thuan loi la {1;4}, {15}, {2;4}, {2;5}, {3;4}, {3;5},¢c0 6 két qua.

X4c sudt can tim 1a i = 3 .
10 5

2)Tacd 108=4-27 va (4,27)=1.

Chtng minh abci4: Ta cod 9¢* —7a” =4b*:4, ma 9¢* —7a” = (a* + ) +8(c” —a®) nén a* +c*4.S6
chinh phwong chia cho 4 chi du 0 hoic 1, do d6 a* va ¢* cing chia hét cho 4, suy ra a,c déu

chan, nén ac:4.

thuvientoanhoc.com


https://thuvientoanhoc.com/
https://thuvientoanhoc.com/

Chimng minh abci27:Tacod 7a° +4b> =9¢*:3, ma 7a’ +4b> = (a’ +b°)+3(2a” +b*) nén a’ +b*:3.
S6 chinh phwong chia cho 3 chi du 0 hoic 1, do d6 ai3, b3.

Dit a=3a,, b=3b, (a,b €Z),tadugc 7a’ +4b’ =c*.

Néu ¢33 thi abe =9a,b,c:27.

Néu ¢ khong chia hét cho 3 thi ¢ chia 3 du 1. Ma 74 +4b’ = (a] +b7)+3(2a] +b}) nén a’ +b;
chia 3 du 1, suy ra mot trong hai s6 a,,b, chia hét cho 3. Do d6 ab =9a,b,:27.

Vay abc chia hét cho ca 4 va 27 nén abci108 .

Bai I1I (2,0 diém).

bat x=a-2, y=b-2,z=c-2,taco -1<x,y,z<1lva x+y+z=0.

Taco @’ +b*+c” =(x+2)  +(Y+2) +(z+2)  =x"+ Y + 2 +4(x+ y+2)+12=x"+ y* + 2* +12.
Pat S=x>+y"+z°, T=xyz,tacé P=12+S5S+T.

2 2
\ cr e 12 1A X n +
Tim gia tri nho nhat: Vi | x|<1 nén |T |H xyz <] yz |< b4 5 z

<S,suyra S+7>0,hay P>12.

Déu bang xay rakhi x=y=z=0,thc a=b=c=2.
Tim gi4 tri 16n nhat: Vi —1<x,y,z<1nén U =(1-x)1-»)(1-2)>0 va V =(1+x)(1+ y)1+2)>0.

Tu x+y+z=0 suyra xy+yz+zx:—§,dod() Uzl—%—T, V:1—§+T.

TacoU+V =2-820nén S<2; U >0 nén TSI—%.

Suy ra S+TS1+%S2,hay P<14.
Déubﬁngxéyrakhi S=2vaU=0,khid6 V=0 va T:O.Dodétrongbasé X, v,z c6 mot sd
bf?mg 1, mot s6 bfmg —1, s6 con lai bf?mg 0, tic (a;b;c) 1a mot hoan vi cua (1;2;3).

Vay gié tri nho nhat ctia P 14 12 khi @ =b =c =2; gia tri 16n nhat cia P 1a 14 khi (a;b;c) 1a mot

hoan vi cua (1;2;3).
Bai IV (6,0 diém).

a) Vi X d6i xtmg véi 4 qua BC nén BC la dudng trung truc cia AX , suy ra XB= AB,
XC=AC.Ma AB = AC = BC nén ABXC 1a hinh thoi, do d6 XB|| AC va XC|| AB.

Vi E thudc tia ddi cua tia CA, F thudc tia d6i cta tia B4 nén:
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FBX =BAC =60 (ddng vi, BX || AC); XCE = BAC =60" (déng vi, CX || AB); BXF = CEX
(ddng vi, BX || CE).

BX

Suy ra ABFX -~ ACXE (g.g), do do %:E: BF-CE=BX-CX =BC’ = CB_CE

BF BC’

Lai c6 BCE =180 — ACB=120", FBC =180° — ABC =120" nén BCE = FBC.

Vay ACBE - ABFC (c.g.c).

b) Tur cau a) suy ra CBE = BFC . Trong tam giac PBC :

PBC + PCB = BFC+BCF =180" = FBC =60’ suy ra BPC = 180" —60" =120

Trén tia dbi cua tia PB 1dy diém Q sao cho PQ = PC . Ta ¢ C/PZQ =180" -~ BPC =60 nén tam giac
PCQ déu, suyra CO=CP, PCO=60".

Vi P thudc doan BO nén BCO = BCP+ PCQ = BCP+60". Vi P thudc doan BE nén tia CP ndm
gitra hai tia CB, CE, do d6 ACP=ACB+BCP=60"+BCP. Suy ra A/C\P:@

Xét AACP va ABCQ c¢6 CA=CB, ACP=BCQ, CP=CQ nén AACP = ABCQ (c.g.c), suy ra
PA=QB=PB+PQ=PB+PC.
Sy AE S,. AF . S, AE-AF (BC+CE)BC+BF)

c) Taco = , = nén = = 5
Sipe AC S, AB Susc AB-AC BC

2
Két hop BF -CE = BC® (ciu a) ta duge Saze - 2BC +BCBF+CE) _,  BF  CE

= 1
S isc BC® BC ' BC (1)

Xét APBC va ABFC c6 PBC = BFC (caub), BCF chung nén APBC -~ ABFC (g.g), suy ra
PB PC N PB BF PC BC CE
BF BC PC BC PB " BF BC’

PA’ (PB+PC) _,,PB PC_, BF CE

Do PA=PB+ PC nén —+—.(2)

PB-PC PB-PC PC PB BC BC
2
Tur (1) va (2) suy ra Saer __PA :
S, PB-PC

Bai V (2,0 diém).

DTaco x*+y°+7:x°y’, o +2°+7°2, 20+ x°+ 7%

Céc sd x, y,z d6i mot nguyén té cing nhau: Gia sir s nguyén to p 1 udc chung cia x va y . Khi
d6 x*+y°+7:p va x*+1%p nén 7:p,suyra p=7.Khid6 x’y’:7° nén x° +°+7:7°, ma

x® +9°7° nén 7:7°, vo ly. Tuong tu voi cac cip con lai.
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Diéu kién ddi xung dbi véi x, v,z nén gid st x = min{x; y;z} .

Tu x*+y°+7y suyra x°+7:9°; tr 2° +x° +7:2° suyra x° +7:2°. Vi (y,2) =1 nén x* +7:y°2°,
suyra y°z° <x°+7.

Néu y>x va z>x thi y°2° > (x+1)° > x° +6x° +15x* > x° + 7, mau thudn. Do d6 y = x hoic

z = x; két hop véi tinh nguyén t6 cing nhau suy ra x =1.

Khi d6 8:3°z° nén yz e {1;2}, tac (y;z) € {(1;1),(1;2),(2;1)} .

Thir lai: voi (1;1;1) ba sé déu bang 9; véi (1;1;2) basd 1a 9;% = 9;% =9, thoa mén.

Vay (x;y;2) e {(LL1),(112),(2;1),(2; D}
2a) Tacd a+b—c—d=(a+b+c+d)-2(c+d) nén a+b-c-d2< a+b+c+d:2.
Véi n=4, xét bdn s 1;2:4:6 ¢6 téng bﬁng 13 1a s6 1é nén khong chon dugc. Do d6 n>5.

V6i n=5: Néu trong 5 s co it nhat 4 s6 cung tinh chin 1é thi chon 4 s6 d6, tong ctia chung 1a sé
chan. Néu khong thi 6 it nhat 2 s6 chin va 2 s6 1¢, chon 4 s6 d6 thi tong 14 s6 chén.

Vay n=5.
2b) Xét 8 s 0;1;2;4;7;12;26;52, s6 du khi chia cho 26 lan luot 1a 0;1;2;4;7;12;0;0.
Téng hai s6 du cua hai sb khac nhau trong tap trén chi co thé1a 0 (=0+0); 1;2:4;7;12 (0 cOng véi

sb khac); 3;5;8;13;6;9;14;11;16;19. Cac gia tri nay d6i mot khac nhau va déu nhé hon 26.

Néu a+b—c—d26 thi a+b va c+d c6 cing s6 du khi chia cho 26, nén cip sb du cua a,b tring
voi cdp s6 du cta ¢,d . Néu cap s6 du ¢6 chira mot s6 du s =0 thi trong hai cap roi nhau phai c6 hai
s6 khac nhau ciing sé du s . Diéu nay vo 1y vi mdi sé du khac 0 chi xut hién mot 1an. Néu cip s6
du 1a {0;0} thi can 4 sb chia hét cho 26, nhung chi c6 3 s. Vay véi 8 s nay khong chon duoc, do

d6 n=4, n=6, n=8 (liy 4 hoic 6 sb trong cac sd trén) déu khong thoa man. Suy ra n>10.
V6i n=10, xét s6 du cta 10 sb khi chia cho 26:
Néu co 4 s6 cung s6 du thi chon 4 s6 do, taco a+b—c—d*26.

Néu c6 hai cap s6 roi nhau (a;c), (b;d) voi1 a,c cung s6 duva b,d cung s6 du thi
a+b—c—d=(a-c)+(b—d):26.

Céc truong hop con lai: ¢6 nhiéu nhat mot s6 du bi ldp va 1ap khong qua 3 1an, nén co it nhat
; : U N Lo 1a 8-7 A
10—2 =28 s0 ¢6 s0 du d6i mot khac nhau. Tur 8 so nay lap duogc BN =28>26 cap, nén cod hai cidp

{a;b} #{c;d} ma a+b va c+d cung s6 du khi chia cho 26 . Néu hai cap c6 chung mot $0, chfmg

han a=c, thi b va d cung sb du, vo Iy. Do d6 a,b,c,d phanbiétva a+b—c—d:26.
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Vay n=10.
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